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Abstract
We consider the local well-posedness of the one-dimensional non-isentropic compressible
Euler equations with moving physical vacuum boundary condition. The physical vacuum sin-
gularity requires the sound speed to be scaled as the square root of the distance to the vacuum
boundary. The main difficulty lies in the fact that the system of hyperbolic conservation laws
becomes characteristic and degenerate at the vacuum boundary. Our proof is based on an ap-
proximation of the Euler equations by a degenerate parabolic regularization obtained from a
specific choice of a degenerate artificial viscosity term. Then we construct the solutions to this
degenerate parabolic problem and establish the estimates that are uniform with respect to the
artificial viscosity parameter. Solutions to the compressible Euler equations are obtained as the
limit of the vanishing artificial viscosity. Different from the isentropic case [7,12], our momen-
tum equation of conservation laws has an extra term pSSη that leads to some extra terms in the
energy function and causes more difficulties even for the case of γ = 2. Moreover, we deal with
this free boundary problem starting from the general cases of 2 ≤ γ < 3 and 1 < γ < 2 instead
of only emphasizing the isentropic case of γ = 2 in [7, 12, 16].
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1 Introduction
We are concerned with the one-dimensional compressible flow moving inside a dynamic vacuum
boundary governed by the following non-isentropic Euler equations with initial and free boundary
conditions: 

ρt + (ρu)η = 0, in I(t),
(ρu)t + (ρu
2 + p)η = 0, in I(t),
St + uSη = 0, in I(t),
(ρ, u, S)|t=0 =
(
ρ0(η), u0(η), S0(η)
)
, on I(0),
ρ = 0, on Γ(t),
(1.1)
where t > 0 is the time variable, η is the space variable; the open bounded interval I(t) ⊂ R
denotes the evolving domain occupied by the gas, and I(0) = I = {η ∈ R : 0 < η < 1} is
the initial spatial domain; Γ(t) := ∂I(t) denotes the vacuum boundary that moves with the fluid
velocity; u represents the Eulerian velocity, and ρ, S stand for the density and the entropy of the
gas, respectively; p = p(ρ, S) is the pressure satisfying the equation of state
p = Cγρ
γeS, 1 < γ < 3, (1.2)
where Cγ is the adiabatic constant that is set to 1 in this paper, and γ is the adiabatic gas exponent.
The density ρ satisfies the following conditions:
ρ(η, t) > 0 in I(t) and ρ(η, t) = 0 on Γ(t). (1.3)
The equations (1.1)1 − (1.1)3 are the conservation laws of mass, momentum, and energy, respec-
tively; (1.1)4 is the initial condition for the density, velocity, and entropy; and the boundary condition
(1.1)5 states that the density must vanish along the vacuum boundary.
To understand the behavior of a solution near the vacuum ρ = 0, similarly to [27] we take
c2 = pρ(ρ, S) = γρ
γ−1eS,
and rewrite (1.1)1 − (1.1)2 in terms of u and c as

(c2)t + (γ − 1)c2uηe−S + u(c2)η = 0,
ut + uuη +
1
γ − 1(c
2)η +
c2
γ
Sη = 0.
(1.4)
The trajectory of the free boundary
Γ(η, t) = cl {(η, t) : ρ(η, t) > 0} ∩ cl {(η, t) : ρ(η, t) = 0}
coincides with the gas particle path
dη(t)
dt
= u(η(t), t).
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Thus, (1.4)2 on Γ(η, t) becomes
du
dt
= − 1
γ − 1(c
2)η.
Generally, the acceleration du/dt of Γ(η, t) would be finite, hence we have
0 <
∣∣∣∂c2(Γ(η, t), t)
∂η
∣∣∣ <∞, on Γ(η, t), (1.5)
which defines a physical vacuum boundary condition (or singularity). Since ρ0 > 0 in I , this condi-
tion implies that for some positive constant C and η ∈ I near the vacuum boundary Γ = ∂I,
ργ−10 ≥ Cdist(η,Γ). (1.6)
Equivalently, the physical vacuum condition (1.5) implies that for some κ > 0,
0 < Cκ ≤
∣∣∣∂ργ−10 (η)
∂η
∣∣∣ <∞, if dist(η, ∂I) ≤ κ, (1.7)
and
ργ−10 (η) ≥ Cκ > 0, if dist(η, ∂I) ≥ κ, (1.8)
for a constant Cκ depending on κ.
The mathematical analysis of vacuum states dates back to Lin [24] and Liu-Smoller [28] for
the isentropic gas dynamics. The definition of physical vacuum was motivated by the study of the
Euler equations with damping in [27, 30], and we refer the reader to [13, 14, 25, 27, 31, 36] for more
discussions. At the vacuum boundary, the hyperbolic system of Euler equations becomes degenerate
and the characteristic speeds are singular [30], then the classical theory of hyperbolic systems does
not apply, thus even the local existence of smooth solutions with the physical vacuum boundary
is still largely open. When the data are compactly supported, there are three ways to study the
problem. The first approach consists of solving the compressible Euler system in the whole space
and it requires that the system (1.1)1-(1.1)2 holds in the sense of distribution for all x ∈ Rd and
t ∈ [0, T ], which is the strategy to construct global weak solutions in [3, 9, 26]. The second consists
of symmetrizing the system first and then obtaining the local existence by the theory of symmetric
hyperbolic system in the whole space (see for instances [21,34,35] for classical systems and [11,23]
for relativistic systems).
This paper is concerned with the the third one which consists of requiring the Euler equations to
hold on the set {(x, t) : ρ(x, t) > 0} and writing an equation for the vacuum boundary Γ that is a free
boundary. Here the vacuum boundary is part of the unknowns. In this case, an appropriate boundary
condition at vacuum is necessary. Suppose that the origin is the initial vacuum contact point and the
sound speed c behaves like c ∼ |x|h. If h ≥ 1, the initial contact with vacuum is sufficiently smooth,
the local solution to the Euler equations was obtained in [29]; if 0 < h < 1, the initial contact with
vacuum is Ho¨lder continuous, the physical vacuum corresponds to h = 1
2
(c.f. [4, 7, 8, 16]), and the
boundary behavior seems ill-posed [17] when 0 < h < 1
2
and 1
2
< h < 1; see [17, 18] for more
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discussions. The case h = 0 occurs in the regime of no continuous initial contact with vacuum. In
this case, a Cauchy problem can be considered, for example, the Riemann problem was studied for
the genuinely discontinuous initial data in [2,10]; and a free boundary problem can also be studied,
such as [24] for the positive density at the vacuum boundary. In a series of papers [16–20] Jang-
Masmoudi gave a rigorous and detailed proof to the existence theory with physical vacuum bound-
ary. For the one-dimensional isentropic compressible gas with physical vacuum boundary condition,
to overcome the degeneracy difficulty of propagation speed, in [16] they proposed a new formula-
tion such that some energy estimates can be closed in the appropriate space, and moreover, they
proved that the vacuum boundary behavior is preserved on some short time interval. They also in-
vestigated the multi-dimensional compressible gas flow with vacuum boundary [18]. In [19], results
on free boundary problems were reviewed and some related open problems were proposed. Mean-
while, they extended their research to the compressible Navier-Stokes-Poisson system of spherically
symmetric isentropic flows, and established the local-in-time well-posedness of strong solutions to
the vacuum free boundary problem [20]. Countand-Shkoller [7, 8] also did many works on this
free boundary problem. In [7], they adopted a different approach from Jiang-Masmoudi [16] view-
ing the initial density function ρ0 as a parameter, thus the isentropic compressible system becomes a
momentum conservation equation, then they used the vanishing viscosity method to establish the lo-
cal existence to the isentropic one-dimensional compressible flow with physical vacuum. Recently,
they also established the a priori estimates for the free boundary problem of the three-dimensional
compressible Euler equations [8]. This technique proposed by Countand-Shkoller in [7] has been
applied to many other systems of degenerate and characteristic hyperbolic systems of conservation
laws. For example, Luo-Xin-Zeng [32] and Gu-Lei [12] recently extended this method to the spher-
ically symmetric system and one-dimensional compressible Euler-Poisson equations with moving
physical vacuum boundary. Besides the local existence theory of physical vacuum states, there are
also some works on the long time behavior. Based on self-similar behavior, via Darcy’s law, Liu con-
jectured [27] that solutions of Euler equations with damping should behave asymptotically like the
solutions of the porous media equation. This problem was studied by Huang, Marcati and Pan [15]
in the framework of entropy solutions by the method of compensated compactness in L∞, and later
by Luo and Zeng [33] by tracking the vacuum boundary.
In this paper, we deal with the non-isentropic compressible Euler equations with physical vac-
uum. Compared with the results already obtained in [7, 12, 16], there are three novel features. The
first new point is that our momentum equation has an extra term pSSη, because the pressure function
depends on not only the density function ρ(η, t) but also the entropy function S(η, t) that is equal
to S0(η), here S0(η) stands for the initial entropy function (in Lagrangian coordinate, the entropy
function satisfies St = 0). To overcome this difficulty, in the energy function we will introduce
more terms like
2∑
j=1
∣∣∣∣ω2+µ∂4−2jt ∂j+2x v(·, t)∣∣∣∣20, ∣∣∣∣ω1/2+µ∂tv′(·, t)∣∣∣∣20 and add a new artificial viscous
term ǫ(ω2+2µv′eS0)′, with ′ = ∂
∂x
, compared with the isentropic case. To close the energy estimates,
besides the similar estimates to the isentropic case, we also need to deal with these additional terms
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and the term ǫ(ω2+2µeS0)′v′ from the artificial viscous term. In fact, even for the case of γ = 2, the
energy function also has more terms than the isentropic case.
The second new feature is that we will treat general γ (2 ≤ γ < 3 and 1 < γ < 2) from the
beginning instead of only emphasizing the isentropic case γ = 2 as in [7,12,16]. Thus, we will face
some new mathematical difficulties. For example, when 2 ≤ γ < 3, we will deal with
∣∣∣∣∣∣ 1ω1/2−µ ∣∣∣∣∣∣Lβ
(c.f (4.29)) instead of
∣∣∣∣∣∣ 1
ρ
1/2
0
∣∣∣∣∣∣
Lβ′
(c.f. (6.33) in [7] and (6.45) in [12]) for the case of γ = 2 in the
process of energy estimates, where determining the proper value for β is technically more difficult
than that for β ′ due to −1
4
< µ ≤ 0.
The third new feature comes from the case 1 < γ < 2, since the momentum equation can be
written as the following equation with the distance function ω = ργ−10 as a parameter:
ω
1
γ−1 vt +
(
ργ0e
S0
(η′)γ
)
x
= 0,
thus we know that the coefficient of vt will degenerate fast as γ → 1 near the vacuum boundary. To
obtain theH2 norm of v (and thus theC1norm of v) for small γ−1, from the Hardy type embedding
inequality (2.13), the higher energy function E˜(t) defined in (2.15) for 1 < γ < 2 implies that
||v||22 ≤ ||v||2l+1
2
−( 12+µ)
≤ C
l+1
2∑
i=0
∣∣∣∣ω1/2+µ∂ixv∣∣∣∣20 ≤ CE˜, l = 3 + 2⌈12 + 1γ − 1⌉,
indicating the order of derivatives l → ∞ as γ → 1. For example, different from the case of
2 < γ < 3, the estimates of higher order spatial derivatives for the case γ = 3
2
are much more
difficult, for which we use (4.31) to close the energy estimates and the details can be found in
(5.15)-(5.20). Finally, we also present the proof of uniqueness for the general case 1 < γ < 3.
The rest of the paper is organized as follows. In Section 2, we introduce the Lagrangian coor-
dinates to transform the free boundary problem to a fixed boundary problem, and we provide some
useful inequalities including the Sobolev embedding inequalities and state our main result. In Sec-
tion 3, we first present a degenerate parabolic approximation with viscosity ε to the compressible
Euler equations, then use a fixed point theorem to solve this approximate problem. In Section 4 and
Section 5, we will prove some uniform estimates independent of ε for 2 ≤ γ < 3 and 1 < γ < 2
respectively. Then we take the limit as ε→ 0 to obtain the solution of the compressible Euler equa-
tions and hence establish the local existence theorem. In Section 6, we will prove the main result,
i.e., Theorem 2.1.
2 Preliminaries and main result
In this section, we provide some preliminaries and state the main result.
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2.1 Lagrangian formulation
System (1.1) is in the Eulerian coordinates (η, t). We first rewrite it in the Lagrangian variables
(x, t). Let η(x, t) denote the position of the gas particle x at time t, then
∂tη = u(η(x, t), t) for t > 0 and η(x, 0) = x.
Set the Lagrangian velocity, Lagrangian density and entropy in the following:
v(x, t) = u(η(x, t), t), f(x, t) = ρ(η(x, t), t), S˜(x, t) = S(η(x, t), t).
Then
vt = uηηt + ut = uηu+ ut, vx = uηηx,
ft = ρηηt + ρt = ρηu+ ρt, fx = ρηηx,
S˜t = Sηηt + St = Sηu+ St, S˜x = Sηηx.
(2.1)
Using (2.1), the Lagrangian version of equations (1.1)1−(1.1)3 can be written on the fixed reference
domain I as 

ft + fvx/ηx = 0,
fvt + (f
γ exp S˜)x/ηx = 0,
S˜t = 0.
(f, v, S˜, η)|t=0 = (ρ0, u0, S0, x).
(2.2)
From (2.2)3 we have
S˜(x, t) ≡ S0(x), (2.3)
then (2.2) is reduced to 

ft + fvx/ηx = 0,
fvt + (f
γeS0)x/ηx = 0,
(f, v, η)|t=0 = (ρ0, u0, x).
(2.4)
From (2.4)1, we know that
(fηx)t = ftηx + fηxt = ftηx + fvx = 0,
which implies
f = ρ(η(x, t), t) = ρ0/ηx.
Hence, the initial density function ρ0 can be viewed as a parameter in the Euler equations. Thus,
problem (2.4) can be rewritten as

ρ0vt +
(
ργ0e
S0
ηγx
)
x
= 0, in I × (0, T ],
(η, v) = (x, u0), in I × {t = 0},
ργ−10 = 0, on Γ,
(2.5)
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with ργ−10 ≥ Cdist(x,Γ) for x near Γ. In the following, we adopt the notation
ω = ργ−10 . (2.6)
It is obvious that ω = ρ0 for γ = 2.
As noted above, the initial domain I ⊂ R at t = 0 is
I = (0, 1), (2.7)
and the initial boundary points are Γ = ∂I = {0, 1}.
2.2 Embedding and interpolation inequalities
For integers k ≥ 0, let the Sobolev space Hk(I) be the completion of C∞(I) under the norm
||u||k :=
(∑
a≤k
∫
I
|Dau(x)|2dx
) 1
2
.
For a real number s ≥ 0, the Sobolev spaces Hs(I) and the norms || · ||s are defined by interpola-
tion. We useH10 (I) to denote the subspace ofH
1(I) consisting of those functions u(x) vanishing at
x = 0 and x = 1.
We denote by || · ||0 the L2 norm. We first review some useful embedding and interpolation
inequalities. For Sobolev spaces, one has
||u||Lr ≤ C||u|| 1
2
, 1 < r < +∞. (2.8)
We will also use the interpolation inequality [1]:
||u||s ≤ C||u||1−θs0 ||u||θs1, (2.9)
with 0 ≤ s0 ≤ s ≤ s1 and s = (1− θ)s0 + θs1 (0 ≤ θ ≤ 1). In particular, some useful inequalities
in this paper are
||u|| 3
4
≤ C||u||
1
2
1
2
||u||
1
2
1 , ||u|| 1
2
≤ C||u||
1
2
0 ||u||
1
2
1 . (2.10)
For simplicity, we denote by || · ||∞ the L∞ norm, then
||u||∞ ≤ Cp||u||1. (2.11)
Using (2.10), one has
||u||∞ ≤ Cp||u|| 3
4
≤ C||u||1/21/2||u||1/21 ≤ C||u||1/40 ||u||3/41 . (2.12)
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Let ω denote the distance function to the boundary Γ. For any a > 0 and nonnegative integer b,
the weighted Sobolev space Ha,b(I) is given by
Ha,b(I) := {ωa/2F ∈ L2(I) :
∫
I
ωa(x)|DkF (x)|2dx < +∞, 0 ≤ k ≤ b}
with the norm
||F ||a,b(I) :=
b∑
k=0
∫
I
ωa(x)|DkF (x)|2dx.
Then for any b > a
2
, one has the following embedding [22]:
Ha,b(I) →֒ Hb−a/2(I). (2.13)
For the estimates on the higher order spatial derivatives of v, we introduce the following lemma.
Lemma 2.1 (Lemma 1 in [5]). Let ε > 0 and g ∈ L∞(0, T ;Hs(I)) be given, and let f ∈
H1(0, T ;Hs(I)) be such that
f +
ε
γ
ft = g in (0, T )× I.
Then,
||f ||L∞(0,T ;Hs(I)) ≤ Cmax{||f(0)||s, ||g||L∞(0,T ;Hs(I))}.
2.3 Higher-order energy functions and main result
To close the energy estimates and state the main theorem, we define the energy functions for the two
cases of 2 ≤ γ < 3 and 1 < γ < 2, respectively. We consider the following higher-order energy
functions:
Case I: 2 ≤ γ < 3.
Eˆ(t) =
∣∣∣∣ω1+µ∂4t v′(·, t)∣∣∣∣20 + ∣∣∣∣ω1+µ∂4t v(·, t)∣∣∣∣20
+
2∑
j=1
{∣∣∣∣ω3/2+µ∂5−2jt ∂j+1x v(·, t)∣∣∣∣20 +
j∑
i=1
∣∣∣∣ω1/2+µ∂5−2jt ∂ixv(·, t)∣∣∣∣20}
+
2∑
j=1
{∣∣∣∣ω2+µ∂4−2jt ∂j+2x v(·, t)∣∣∣∣20 +
j∑
i=−1
∣∣∣∣ω1+µ∂4−2jt ∂i+1x v(·, t)∣∣∣∣20},
(2.14)
where −1
4
< µ = 2−γ
2(γ−1)
≤ 0.
Case II: 1 < γ < 2.
E˜(t) =
∣∣∣∣ω1+µ∂ltv′(·, t)∣∣∣∣20 + ∣∣∣∣ω1+µ∂ltv(·, t)∣∣∣∣20
+
l+1
2∑
j=1
{∣∣∣∣ω3/2+µ∂l+1−2jt ∂j+1x v(·, t)∣∣∣∣20 +
j∑
i=1
∣∣∣∣ω1/2+µ∂l+1−2jt ∂ixv(·, t)∣∣∣∣20}
+
l−1
2∑
j=1
{∣∣∣∣ω2+µ∂l−2jt ∂j+2x v(·, t)∣∣∣∣20 +
j∑
i=−1
∣∣∣∣ω1+µ∂l−2jt ∂i+1x v(·, t)∣∣∣∣20},
(2.15)
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where
µ =
2− γ
2(γ − 1) ≥ 0, l = 3 + 2⌈1/2 + µ⌉,
and ⌈·⌉ is the following ceiling function of q ≥ 0:
⌈q⌉ := min{m : m ≥ q,m is an integer}.
Remark 2.1. From the definitions of µ, l in the case II, we find that γ → 1 implies l → ∞. Thus,
for 1 < γ < 2, the higher-order derivatives will be needed, which will cause technical difficulties
compared with the case of 2 ≤ γ < 3.
Remark 2.2. Even when γ = 2, the higher-order energy function in Case I is different from the
isentropic case in [7, 12], and the former contains the latter. In the non-isentropic case, some ad-
ditional terms like
2∑
j=1
∣∣∣∣ρ20∂4−2jt ∂j+2x v(·, t)∣∣∣∣20, ∣∣∣∣ρ1/20 ∂tv′∣∣∣∣20 will appear due to the additional term
pSSη even for γ = 2.
In fact, when γ = 2, the energy function for the isentropic case in [7, 12] is
Ev(t) =
4∑
s=0
∣∣∣∣∂st v(·, t)∣∣∣∣22−s/2 + 2∑
s=0
∣∣∣∣ρ0∂2st v(·, t)∣∣∣∣23−s
+
∣∣∣∣ρ3/20 ∂t∂3xv(·, t)∣∣∣∣20 + ∣∣∣∣ρ3/20 ∂3t ∂2xv(·, t)∣∣∣∣20
+
∣∣∣∣ρ1/20 ∂t∂2xv(·, t)∣∣∣∣20 + ∣∣∣∣ρ1/20 ∂3t ∂xv(·, t)∣∣∣∣20.
(2.16)
Since γ = 2 implies µ = 0 and ω = ρ0, the energy function in Case I is
Eˆ(t) =
∣∣∣∣ρ0∂4t v′(·, t)∣∣∣∣20 + ∣∣∣∣ρ0∂4t v(·, t)∣∣∣∣20
+
2∑
j=1
{∣∣∣∣ρ3/20 ∂5−2jt ∂j+1x v(·, t)∣∣∣∣20 +
j∑
i=1
∣∣∣∣ρ1/20 ∂5−2jt ∂ixv(·, t)∣∣∣∣20}
+
2∑
j=1
{∣∣∣∣ρ20∂4−2jt ∂j+2x v(·, t)∣∣∣∣20 +
j∑
i=−1
∣∣∣∣ρ0∂4−2jt ∂i+1x v(·, t)∣∣∣∣20}.
(2.17)
From the weighted Sobolev embedding inequality (2.13), we know that∣∣∣∣ρ0∂4t v′∣∣∣∣20 ≥ ||∂4t v||21−1 = ||∂4t v||20,
2∑
j=1
∣∣∣∣ρ20∂4−2jt ∂j+2x v(·, t)∣∣∣∣20 ≥ 2∑
j=1
∣∣∣∣∂4−2jt v(·, t)∣∣∣∣2j+2−2 = 2∑
j=1
∣∣∣∣∂4−2jt v(·, t)∣∣∣∣2j ,
and
2∑
j=1
∣∣∣∣ρ3/20 ∂5−2jt ∂j+1x v(·, t)∣∣∣∣20 ≥ 2∑
j=1
∣∣∣∣∂5−2jt v(·, t)∣∣∣∣2j−1/2.
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Thus, we have
4∑
s=0
||∂st v(·, t)||22−s/2 ≤ Eˆ(t).
When j = 1, 2, the first term on the second line in (2.17) deduces to the second line of (2.16).
When j = 2, i = 2, 3, the second term in the second line in (2.17) leads to the third line of (2.16).
Comparing (2.16) with (2.17), the latter has some additional terms
∑2
j=1
∣∣∣∣ρ20∂4−2jt ∂j+2x v(·, t)∣∣∣∣20,∣∣∣∣ω1/2+µ∂tv′∣∣∣∣20 caused by pSSη in the non-isentropic case. The detailed analysis can be seen from
the higher-order spatial derivative estimates in Subsection 4.2.
For simplicity, we introduce
E(t) =
{
Eˆ(t), 2 ≤ γ < 3,
E˜(t), 1 < γ < 2.
(2.18)
We now state our main result as follows.
Theorem 2.1. Given the initial data (ρ0, u0, S0) with E(0) < ∞, ρ0(x) > 0 in I , if the physical
vacuum condition (1.6) holds for ρ0, and
S ≤ S ′0(x) ≤ S¯, (2.19)
in I for some positive constants S and S¯, there exists a unique solution to (2.5) (and hence (1.1))
on [0, T ] for some T > 0 sufficiently small, such that,
sup
t∈[0,T ]
E(t) ≤ P (E(0)), (2.20)
where P is some polynomial function of its argument.
We note that we shall use P (·) to denote a generic polynomial function of its argument, and P
will change from line to line with no explicit expressions necessarily given in the paper.
3 The degenerate parabolic approximation of the system
For convenience, we write ′ = ∂
∂x
. Now for ε > 0, we consider the following nonlinear degenerate
parabolic approximation of (2.5):
ρ0vt +
(
ργ0e
S0
(η′)γ
)′
= ε(ργ0v
′eS0)′ in I × [0, T ]. (3.1)
With ργ−10 = ω ≥ Cdist(x,Γ) for x ∈ I near ∂I, (3.1) with the initial and boundary conditions
becomes 

ω1+2µvt +
(
ω2+2µeS0
(η′)γ
)′
= ε(ω2+2µv′eS0)′, in I × [0, T ],
(v, η) = (u0, x), in I × {t = 0},
ρ0 = 0, on Γ,
(3.2)
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where µ = 2−γ
2(γ−1)
. Compared with the isentropic case [7, 12], this nonlinear equation has an addi-
tional term εω2+2µv′eS0S ′0, which will cause more technical difficulties in the following proofs and
computations.
Given u0 and ρ0 and using the fact that η(x, 0) = x, η
′(x, 0) = 1 we can compute the quantity
vt|t=0 for the degenerate parabolic ε−problem (3.2) by using (3.1):
vt|t=0 =
(
− 1
ρ0
((
ρ0
η′
)γ
eS0
)′
+ ε
1
ρ0
(ργ0v
′eS0)′
) ∣∣∣∣∣
t=0
= −ωeS0S ′0 +
γ
γ − 1ω
′(εu′0 − 1)eS0 + εω(u′′0 + u′0S ′0)eS0.
(3.3)
Similarly, for all k ∈ N,
uk := ∂
k
t v|t=0 = ∂k−1t
(
− 1
ρ0
((
ρ0
η′
)γ
eS0
)′
+
ε
ρ0
(ργ0v
′eS0)′
) ∣∣∣∣∣
t=0
. (3.4)
These formulas show that each ∂kt v|t=0 is a function of spatial derivatives of u0 and ρ0.
As in [6, 7, 12], the linearized problem of (3.2) is

ω1+2µvt +
(
ω2+2µeS0
(η¯′)γ
)′
= ε(ω2+2µv′eS0)′, in I × [0, T ],
(v, η) = (u0, x), in I × {t = 0},
ρ0 = 0, on Γ,
where η¯ = x+
∫ t
0
v¯(x, τ)dτ and v¯ is given, the existence and the uniqueness of the solution vε can
be obtained by the standard arguments for the above degenerate parabolic problem (3.2) in a time
interval [0, T ε] with sufficiently smooth initial data, using the fixed point argument. Henceforth, we
assume that T ε > 0 is sufficiently small such that, independent of the choice of vε,
ηε(x, t) = x+
∫ t
0
vε(x, s)ds (3.5)
is injective for t ∈ [0, T ε], and 1
2
≤ η′(x, t) ≤ 3
2
for t ∈ [0, T ε] and x ∈ I¯ .
We will establish the a priori estimates uniform in ε to show that the time of existence does not
depend on ε, and then take the weak limit as ε → 0 of the sequence of solutions to (3.2) to obtain
the existence of solution to the Euler system (1.1).
4 Uniform estimates of vε for 2 ≤ γ < 3
Our objective in this section is to prove the uniform estimates of vε for 2 ≤ γ < 3. For the sake
of notational convenience, we omit the superscript ε. We first give some analysis on Eˆ(t) in (2.14)
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in order to establish the desired estimates. From the weighted Sobolev embedding inequality (2.13)
and −1
4
≤ µ ≤ 0 as 2 ≤ γ < 3, we have, for the first term in (2.14),
∣∣∣∣ω1+µ∂4t v′∣∣∣∣20 ≥ ||∂4t v||21−1−µ ≥ ||∂4t v||20, (4.1)
for the first term of the second line in (2.14),
2∑
j=1
∣∣∣∣ω3/2+µ∂5−2jt ∂j+2x v(·, t)∣∣∣∣20 ≥ ∣∣∣∣|∂5−2jt v(·, t)∣∣∣∣2j+2−3/2−µ ≥ 2∑
j=1
||∂5−2jt v||2j−1/2, (4.2)
and for the first term of the third line in (2.14),
2∑
j=1
∣∣∣∣ω2+µ∂4−2jt ∂i+2x v(·, t)∣∣∣∣20 ≥ 2∑
j=1
||∂4−2jt v||2j+2−2−µ ≥
2∑
j=1
||∂4−2jt v||2j . (4.3)
Thus, (4.1)-(4.3) lead to
Eˆ(t) ≥
4∑
s=0
||∂st v||22−s/2. (4.4)
4.1 Some ε−independent energy estimates on the ∂kt−problem
Proposition 4.1. For 2 ≤ γ < 3, there exists a constant α ∈ (0, 1), such that one has the following
ε−independent energy estimate for ∂5t−problem of (3.2)1:
∣∣∣∣ω1/2+µ∂5t v∣∣∣∣20+∣∣∣∣ω1+µ∂4t v′∣∣∣∣20 + ∣∣∣∣ω1+µ∂4t v∣∣∣∣20 + ε
∫ t
0
∣∣∣∣ω1+µ∂5t v′∣∣∣∣20
≤ Eˆα
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
,
(4.5)
with Mˆ0 = P (Eˆ(0)) and P (·) some polynomial function.
Proof. We take the fifth partial derivative ∂5t in (3.2) and multiply it by ∂
5
t v, after integrating by
parts, we have the following identity:
1
2
d
dt
∫
I
ω1+2µ|∂5t v|2 −
∫
I
∂5t
(
ω2+2µ
(η′)γ
)
∂5t v
′eS0 + ε
∫
I
ω2+2µ|∂5t v′|2eS0 = 0, (4.6)
where ω = ργ−10 ,−14 < µ = 2−γ2(γ−1) ≤ 0.We see that the second term on the left-hand side of (4.6)
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can be written as
−
∫
I
∂5t
(
ω2+2µ
(η′)γ
)
∂5t v
′eS0 =γ
∫
I
ω2+2µ
(η′)γ+1
∂4t v
′∂5t v
′eS0
+
4∑
i=1
ci
∫
I
ω2+2µ∂it
1
(η′)γ+1
∂4−it v
′∂5t v
′eS0
=
γ
2
d
dt
∫
I
ω2+2µ
(η′)γ+1
∣∣∂4t v′∣∣2eS0
+
(γ + 1)γ
2
∫
I
ω2+2µ
(η′)γ+2
v′
∣∣∂4t v′∣∣2eS0
+
4∑
i=1
ci
∫
I
∂it
1
(η′)γ+1
∂4−it v
′ω2+2µ∂5t v
′eS0 .
(4.7)
Hence, substituting (4.7) into (4.6), integrating it from 0 to t, we find that
1
2
∫
I
ω1+2µ
∣∣∂5t v∣∣2 + γ2
∫
I
∣∣∂4t v′∣∣2 ω2+2µ(η′)γ+1 eS0 + ε
∫ t
0
∫
I
ω2+2µ
∣∣∂5t v′∣∣2eS0
=
1
2
∫
I
ω1+2µ
∣∣∂5t v0∣∣2 + γ2
∫
I
ω2+2µ
(η′)γ+1
∣∣∣
t=0
|∂4t v′0|2eS0
− (γ + 1)γ
2
∫ t
0
∫
I
ω2+2µ
(η′)γ+2
v′
∣∣∂4t v′∣∣2eS0
−
4∑
i=1
ci
∫ t
0
∫
I
∂it
1
(η′)γ+1
∂4−it v
′ω2+2µ∂5t v
′eS0
=
4∑
j=1
Ij.
(4.8)
It is easy to verify that I1, I2 can be controlled by Mˆ0. Now we estimate I3, I4 on the right hand-side
of (4.8).
I3 = −(γ + 1)γ
2
∫ t
0
∫
I
ω2+2µ
(η′)γ+2
v′|∂4t v′|2eS0 ≤ C
∫ t
0
||v′||∞
∣∣∣∣ω1+µ∂4t v′∣∣∣∣20
≤ C
∫ t
0
||v||2
∣∣∣∣ω1+µ∂4t v′∣∣∣∣20 ≤ CtP( sup
[0,t]
Eˆ
)
,
(4.9)
where we have used (2.20), (4.4) and 1/2 ≤ η′ ≤ 3/2 . Then, using integration by part in time, we
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have
I4 =−
4∑
i=1
ci
∫ t
0
∫
I
∂it
1
(η′)γ+1
∂4−it v
′ω2+2µ∂5t v
′eS0
=
∫ t
0
∫
I
(
4∑
i=1
ci∂
i
t
1
(η′)γ+1
∂4−it v
′
)
t
ω2+2µ∂4t v
′eS0
︸ ︷︷ ︸
J
+
∫
I
4∑
i=1
ci∂
i
t
1
(η′)γ+1
∂4−it v
′ω2+2µ∂4t v
′
∣∣∣t
0
eS0 .
(4.10)
where
J :=
∫ t
0
10∑
i=1
Jidt, and Ji =
∫
I
R(η′)jiω
2+2µ∂4t v
′dx,
the terms ji, i = 1, 2 · · · , 10 are the functions of v′, ∂kt v′, k = 1, 2, 3, 4, as in the following:
j1 = ∂
4
t v
′v′, j2 = ∂
3
t v
′(v′)2, j3 = ∂
3
t v
′∂tv
′, j4 = ∂
2
t v
′∂tv
′v′, j5 = (∂
2
t v
′)2,
j6 = ∂
2
t v
′(v′)3, j7 = (∂tv
′)3, j8 = (∂tv
′)2(v′)2, j9 = ∂tv
′(v′)4, j10 = (v
′)6,
where R(η′) denotes some power functions of η′.We first note that
|J1| ≤ C||v′||∞
∣∣∣∣R(η′)∣∣∣∣
∞
∣∣∣∣ω1+µ∂4t v′∣∣∣∣20 ≤ CP( sup
[0,t]
Eˆ
)
, (4.11)
where we have used (2.12) and (4.4), which means that
||v′||∞ ≤ C||v′||1/40 ||v′||3/41 ≤ CEˆ.
For J2, we have
|J2| ≤ ||R(η′)||∞
∣∣∣∣ω1/2+µ∂3t v′∣∣∣∣0||ω||1/2∞ ||v′||2∞∣∣∣∣ω1+µ∂4t v′∣∣∣∣0 ≤ CP( sup
∈[0,t]
Eˆ
)
.
Similarly, we have
|J3| ≤ ||R(η′)||∞
∣∣∣∣ω1+µ∂3t v′∣∣∣∣L4 ||∂tv′||L4∣∣∣∣ω1+µ∂4t v′∣∣∣∣0
≤ C∣∣∣∣ω1+µ∂3t v′∣∣∣∣1/2∣∣∣∣∂tv′∣∣∣∣ 1
2
∣∣∣∣ω1+µ∂4t v′∣∣∣∣20 ≤ CP( sup
[0,t]
Eˆ
)
,
where we have used the physical vacuum condition (1.7) and∣∣∣∣ω1/2∂x(ω1+µ∂3t v′)∣∣∣∣20 ≤ ∣∣∣∣ω3/2+µ∂3t v′′∣∣∣∣20 + ∣∣∣∣ω1/2+µω′∂3t v′∣∣∣∣20 ≤ Eˆ.
Using (2.13), we have∣∣∣∣ω1+µ∂3t v′∣∣∣∣1/2 = ∣∣∣∣ω1+µ∂3t v′∣∣∣∣1− 1
2
≤ ∣∣∣∣ω1/2∂x(ω1+µ∂3t v′)∣∣∣∣0 ≤ Eˆ, (4.12)
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and similarly,
|J4| ≤ C
∣∣∣∣R(η′)∣∣∣∣
∞
∣∣∣∣ω1+µ∂2t v′∣∣∣∣L4 ||∂tv′||L4||v′||∞∣∣∣∣ω1+µ∂4t v′∣∣∣∣0 ≤ Mˆ0 + CtP( sup
[0,t]
Eˆ
)
,
where we have used the fact
∣∣∣∣ω1+µ∂2t v′∣∣∣∣1/2 = ∣∣∣∣∣∣ω1+µu′2 +
∫ t
0
ω1+µ∂3t v
′
∣∣∣∣∣∣
1/2
.
Similarly, J5 and J6 can be estimated as
|J5| ≤ C
∣∣∣∣R(η′)∣∣∣∣
∞
∣∣∣∣ω1+µ∂2t v′∣∣∣∣2L4∣∣∣∣ω1+µ∂4t v′∣∣∣∣0 ≤ Mˆ0 + CtP( sup
[0,t]
Eˆ
)
,
|J6| ≤ C
∣∣∣∣R(η′)∣∣∣∣
∞
∣∣∣∣ω1+µ∂2t v′∣∣∣∣0||v′||3∞∣∣∣∣ω1+µ∂4t v′∣∣∣∣0 ≤ CtP( sup
[0,t]
Eˆ
)
.
For J7 − J10, using (2.8) and (4.4), we have
|J7| ≤ C
∣∣∣∣R(η′)∣∣∣∣
∞
∣∣∣∣∂tv′∣∣∣∣3L6 ||ω||1+µ∞ ∣∣∣∣ω1+µ∂4t v′∣∣∣∣0
≤ C∣∣∣∣∂tv′∣∣∣∣31/2∣∣∣∣ω1+µ∂4t v′∣∣∣∣0 ≤ CP( sup
[0,t]
Eˆ
)
,
and
|J8| ≤C
∣∣∣∣R(η′)∣∣∣∣
∞
∣∣∣∣∂tv′∣∣∣∣2L4||v′||2∞||ω||1+µ∞ ∣∣∣∣ω1+µ∂4t v′∣∣∣∣0 ≤ CP( sup
[0,t]
Eˆ
)
,
|J9| ≤C
∣∣∣∣R(η′)∣∣∣∣
∞
||ω||1/2∞ ||v′||4∞
∣∣∣∣ω1/2+µ∂tv′∣∣∣∣0||ω||1+µ∞ ∣∣∣∣ω1+µ∂4t v′∣∣∣∣0 ≤ CP( sup
[0,t]
Eˆ
)
,
and
|J10| ≤ C
∣∣∣∣R(η′)∣∣∣∣
∞
||v′||6L12 ||ω||1+µ∞
∣∣∣∣ω1+µ∂4t v′∣∣∣∣0 ≤ C∣∣∣∣ω1+µ∂4t v′∣∣∣∣0||v′||61/2 ≤ CP( sup
[0,t]
Eˆ
)
.
Next, we treat the second term on the right-hand side of (4.10), beginning with the case of i = 1.
We see that for δ > 0,∫
I
∂t
1
η′(γ+1)
∂3t v
′ω2+2µ∂4t v
′
∣∣t
0
=
∫
I
(
R(η′)∂3t v
′v′ω2+2µ∂4t v
′
)
(t)
−
∫
I
(
R(η′)∂3t v
′v′ω2+2µ∂4t v
′
)
(0),
and ∫
I
(
R(η′)∂3t v
′v′ω2+2µ∂4t v
′
)
(t) ≤C||v′||∞
∣∣∣∣ω1+µ∂3t v′∣∣∣∣0∣∣∣∣ω1+µ∂4t v′∣∣∣∣0
≤CEˆ(t)3/4
(
M0 + CtP
(
sup
[0,t]
Eˆ
)
.
(4.13)
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The case when i = 2, 3, 4 can be estimated in the same fashion. Using (2.19) again, there exists a
constant α, such that all the estimates (4.8)-(4.13) together yield
∣∣∣∣ω1/2+µ∂5t v∣∣∣∣2+∣∣∣∣ω1+µ∂4t v′∣∣∣∣2 + ε ∫ t
0
∣∣∣∣ω1+µ∂5t v′∣∣∣∣2
≤Eˆα
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
, 0 < α < 1.
(4.14)
Since ∂ltv = ul +
∫ t
0
∂l+1t v, we have∣∣∣∣ω1+µ∂ltv∣∣∣∣20 ≤ Mˆ0 + Ct||ω||∞∣∣∣∣ω1/2+µ∂l+1t v∣∣∣∣20.
Letting l = 4 and using first term in the energy estimate (4.14), we have
∣∣∣∣ω1+µ∂4t v∣∣∣∣20 ≤ Eˆα
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
. (4.15)
Thus, the proof of Proposition 4.1 is complete.
Using the same argument as proving Proposition 4.1, we can consider the ε−independent energy
estimates for the ∂3t−problem and ∂t−problem of (3.2) and obtain the following estimates:
Proposition 4.2. For 2 ≤ γ < 3, there exists a constant α ∈ (0, 1), such that one has the following
energy estimates uniform in ε:
∣∣∣∣ω1/2+µ∂3t v∣∣∣∣20+∣∣∣∣ω1+µ∂2t v′∣∣∣∣20 + ∣∣∣∣ω1+µ∂2t v∣∣∣∣20 + ε
∫ t
0
∣∣∣∣ω1+µ∂3t v′∣∣∣∣20 ≤ Eˆα
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
and
∣∣∣∣ω1/2+µ∂tv∣∣∣∣20+∣∣∣∣ω1+µv′∣∣∣∣20 + ∣∣∣∣ω1+µv∣∣∣∣20 + ε
∫ t
0
∣∣∣∣ω1+µ∂tv′∣∣∣∣20 ≤ Eˆα
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
.
4.2 Estimates of higher-order spatial derivatives
Having obtained the uniform energy estimates in Propositions 4.1-4.2, we can begin our estimates
of higher-order spatial derivatives. We consider ∂k+1t −problem of (3.2):(
ω2+2µ∂kt v
′eS0
)′ − ε
γ
∂t
(
ω2+2µ∂kt v
′eS0
)′
= g, (4.16)
where
g =− 1
γ
ω1+2µ∂k+2t v +
k∑
i=1
(
ciω
2+2µ∂it
1
(η′)γ+1
∂k−it v
′eS0
)′
+
[(
1− 1
(η′)γ+1
)(
ω2+2µ∂kt v
′eS0
)′]− (γ + 1)ω2+2µ∂kt v′eS0η′′
(η′)γ+2
.
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Applying Lemma 2.1 directly, we have∣∣∣∣ω2+2µ∂kt v′∣∣∣∣0 ≤ Cmax{||g||0, ||f(0)||0}.
However, this estimate is not good enough to obtain the corresponding estimates with weights of
ω1/2+µ, ω3/2+µ, ω1+µ, ω2+µ in the energy function Eˆ(t). To obtain the desired estimates, we shall
reduce (4.16) to some new equations of the form in Lemma 2.1 by multiplying (4.16) by some
suitable multipliers.
Proposition 4.3. For 2 ≤ γ < 3, there exists a constant α ∈ (0, 1), such that one has the following
estimates:
sup
[0,t]
(∣∣∣∣ω1/2+µ∂3t v′∣∣∣∣20 + ∣∣∣∣ω3/2+µ∂3t v′′∣∣∣∣20) ≤C(Eˆα + 1)
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
+ CtP
(
sup
[0,t]
Eˆ
)
,
(4.17)
sup
[0,t]
(∣∣∣∣ω1/2+µ∂tv′′∣∣∣∣20 + ∣∣∣∣ω3/2+µ∂tv′′′∣∣∣∣20) ≤C(Eˆα + 1)
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
+ CtP
(
sup
[0,t]
Eˆ
)
.
(4.18)
Proof. First, choosing k = 3 in (4.16), and multiplying both sides of (4.16) by ω−(1/2+µ), we have
ω−(1/2+µ)
(
ω2+2µ∂3t v
′eS0
)′ − ε
γ
∂t
[
ω−(1/2+µ)
(
ω2+2µ∂3t v
′eS0
)′]
=− 1
γ
ω1/2+µ∂5t v − (γ + 1)
ω3/2+µ∂3t v
′eS0η′′
(η′)γ+2
+
3∑
i=1
ciω
−(1/2+µ)
(
ω2+2µ∂it
1
(η′)γ+1
∂3−it v
′eS0
)′
+ ω−(1/2+µ)
[(
1− 1
(η′)γ+1
)(
ω2+2µ∂3t v
′eS0
)′]
.
(4.19)
Using Lemma 2.1 and fundamental theorem of calculus for the terms on the right-hand side of
(4.19), we obtain that for any t ∈ [0, T ε],
sup
[0,t]
∣∣∣∣∣∣ω−(1/2+µ)(ω2+2µ∂3t v′eS0)′∣∣∣∣∣∣
0
≤C sup
[0,t]
∣∣∣∣ω1/2+µ∂5t v∣∣∣∣0 + C sup
[0,t]
∣∣∣∣∣
∣∣∣∣∣ω
3/2+µ∂3t v
′eS0η′′
η′(γ+2)
∣∣∣∣∣
∣∣∣∣∣
0
+ C sup
[0,t]
3∑
i=1
∣∣∣∣∣
∣∣∣∣∣ω−(1/2+µ)
(
ω2+2µ∂it
1
(η′)γ+1
∂3−it v
′eS0
)′ ∣∣∣∣∣
∣∣∣∣∣
0
+ C sup
[0,t]
∣∣∣∣∣
∣∣∣∣∣ω−(1/2+µ)
[(
1− 1
(η′)γ+1
)(
ω2+2µ∂3t v
′eS0
)′] ∣∣∣∣∣
∣∣∣∣∣
0
=:
8∑
j=5
Ij .
(4.20)
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We estimate each term on the right-hand side of (4.20). Noting that −1
4
< µ ≤ 0, as 2 ≤ γ < 3,
and using the first term of the estimate (4.14), one has, for each t ∈ [0, Tε],
I5 = sup
[0,t]
∣∣∣∣ω1/2+µ∂5t v∣∣∣∣0 ≤ CEˆα/2
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
. (4.21)
The second term I6 on the right-hand side of (4.20) can be estimated as
I6 =
∣∣∣∣∣
∣∣∣∣∣ω
3/2+µ∂3t v
′η′′eS0
(η′)γ+2
∣∣∣∣∣
∣∣∣∣∣
0
≤ C∣∣∣∣ω3/2+µ∂3t v′∣∣∣∣∞∣∣∣∣∣∣
∫ t
0
v′′
∣∣∣∣∣∣
0
≤Ct (∣∣∣∣ω1/2+µω′∂3t v′∣∣∣∣0 + ∣∣∣∣ω3/2+µ∂3t v′′∣∣∣∣0) ||v′′||0 ≤ CtP( sup
[0,t]
Eˆ
)
.
(4.22)
For the third term, we have,
I7 =
3∑
i=1
∣∣∣∣∣
∣∣∣∣∣ω−(1/2+µ)
(
ω2+2µ∂it
1
(η′)γ+1
∂3−it v
′eS0
)′ ∣∣∣∣∣
∣∣∣∣∣
0
≤C∣∣∣∣ω3/2+µ(v′)3v′′∣∣∣∣
0
+ C
∣∣∣∣ω3/2+µ(|∂tv′′(v′)2|+ |∂tv′v′′v′|)∣∣∣∣0
+ C
∣∣∣∣ω3/2+µ(|∂2t v′′v′|+ |∂2t v′v′′|)∣∣∣∣0 + C∣∣∣∣ω3/2+µ∂tv′∂tv′′∣∣∣∣0
+ C
∣∣∣∣(ω1/2+µω′ + ω3/2 + ω3/2+µη′′)|(v′)4|∣∣∣∣
0
+ C
∣∣∣∣(ω1/2+µω′ + ω3/2+µ + ω3/2+µη′′)|∂tv′(v′)2|∣∣∣∣0
+ C
∣∣∣∣(ω1/2+µω′ + ω3/2+µ + ω3/2+µη′′)|∂2t v′v′|∣∣∣∣0
+ C
∣∣∣∣(ω1/2+µω′ + ω3/2+µ + ω3/2+µη′′)|(∂tv′)2|∣∣∣∣0
=:
8∑
i=1
I7i,
(4.23)
where we have used the fact 1/2 ≤ η′ ≤ 3/2 and (2.20). To obtain the desired estimates, we shall
use the following form of estimates:
2∑
j=1
{∣∣∣∣ω3/2+µ∂4−2jt ∂j+1x v∣∣∣∣20 +
j∑
i=1
∣∣∣∣ω1/2+µ∂4−2jt ∂ixv∣∣∣∣20 +
j∑
i=−1
∣∣∣∣ω1+µ∂3−2jt ∂i+1x v∣∣∣∣20}
≤C
2∑
j=1
{∣∣∣∣∣∣ω3/2+µu(j+1)4−2j + ∫ t
0
ω3/2+µ∂5−2jt ∂
j+1
x v
∣∣∣∣∣∣2
0
+
j∑
i=1
∣∣∣∣∣∣ω1/2+µu(i)4−2j + ∫ t
0
ω1/2+µ∂5−2jt ∂
i
xv
∣∣∣∣∣∣2
0
+
j∑
i=−1
∣∣∣∣∣∣ω1+µu(i+1)3−2j + ∫ t
0
ω1/2+µ∂4−2jt ∂
i+1
x v
∣∣∣∣∣∣2
0
}
≤Mˆ0 + CtP
(
sup
[0,t]
Eˆ
)
.
(4.24)
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For I71, using (2.12), we have
I71 =
∣∣∣∣ω3/2+µ(v′)3v′′∣∣∣∣
0
≤ ∣∣∣∣ω3/2+µv′′∣∣∣∣
∞
||v′||3L6
≤C∣∣∣∣ω3/2+µv′′∣∣∣∣
1
||v′||31/2 ≤ Mˆ0 + CtP
(
sup
[0,t]
Eˆ
)
,
(4.25)
where we have used the physical vacuum condition (1.7) and (4.24), as well as the following two
estimates:∣∣∣∣ω3/2+µv′′∣∣∣∣
∞
≤∣∣∣∣ω3/2+µv′′∣∣∣∣
1
≤ C∣∣∣∣ω1/2+µω′v′′ + ω3/2+µv′′′∣∣∣∣
0
≤ Mˆ0 + CtP
(
sup
[0,t]
Eˆ
)
and
||v′||1/2 ≤
∣∣∣∣∣∣u′0 + ∫ t
0
∂tv
′
∣∣∣∣∣∣
1/2
≤ CMˆ0 + CtP
(
sup
[0,t]
Eˆ
)
. (4.26)
For I72, using (4.26), we have
I72 =
∣∣∣∣ω3/2+µ(∂tv′′(v′)2 + ∂tv′v′′v′)∣∣∣∣0
≤C∣∣∣∣ω 32+µ∂tv′′∣∣∣∣L4 ||v′||2L8 + C∣∣∣∣ω 32+µv′′∣∣∣∣∞∣∣∣∣∂tv′∣∣∣∣0||v′||∞
≤C∣∣∣∣ω 32+µ∂tv′′∣∣∣∣1/20 ∣∣∣∣ω 32+µ∂tv′′∣∣∣∣1/21 ||v′||21/2 + C∣∣∣∣ω 32+µv′′∣∣∣∣1∣∣∣∣∂tv′∣∣∣∣0||v′||1/21/2||v′||1/21
≤(1 + Eˆ1/4)
(
Mˆ0 + tP
(
sup
[0,t]
Eˆ
))
,
where we used (4.24) to derive the following two estimates
∣∣∣∣ω 32+µ∂tv′′∣∣∣∣1/20 ≤ C||ω|| 14∞∣∣∣∣ω1+µ∂tv′′∣∣∣∣1/20 ≤ Mˆ0 + tP( sup
[0,t]
Eˆ
)
,
||∂tv′||0 ≤ C
∣∣∣∣∣∣u′1 + ∫ t
0
∂2t v
′
∣∣∣∣∣∣
0
≤ Mˆ0 + CtP
(
sup
[0,t]
Eˆ
)
, (4.27)
and used the physical vacuum condition (1.7) to get
∣∣∣∣ω3/2+µ∂tv′′∣∣∣∣1/21 = ∣∣∣∣ω1/2+µω′∂tv′′ + ω3/2+µ∂tv′′′∣∣∣∣1/20 ≤ CEˆ1/4.
Using (4.24) to estimate
∣∣∣∣ω3/2+µ∂2t v′′∣∣∣∣0, ∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣0 and ∣∣∣∣ω1/2+µv′′∣∣∣∣0, one has,
I73 =
∣∣∣∣ω3/2+µ(∂2t v′′v′ + ∂2t v′v′′)∣∣∣∣0
≤C∣∣∣∣ω3/2+µ∂2t v′′∣∣∣∣0||v′||∞ + C∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣0∣∣∣∣ωv′′∣∣∣∣∞
≤(Eˆ3/8 + 1)
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
,
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where we have used the fact that∣∣∣∣ωv′′∣∣∣∣
∞
≤C||ω||−µ/4∣∣∣∣ω1+µv′′∣∣∣∣1/4
0
∣∣∣∣v′′ + ωv′′′∣∣∣∣3/4
0
≤C∣∣∣∣ω1/2+µv′′∣∣∣∣1/4
0
(
||v′′||3/40 + ||ω||−3µ/4
∣∣∣∣ω1+µv′′′∣∣∣∣3/4
0
)
≤Eˆ3/8
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
.
For I74, using (4.27) and (4.24) to estimate
∣∣∣∣ω1+µ∂tv′′∣∣∣∣0, we have
I74 =
∣∣∣∣ω3/2+µ∂tv′∂tv′′∣∣∣∣0 ≤ C∣∣∣∣ω3/2+µ∂tv′′∣∣∣∣∞||∂tv′||0
≤C∣∣∣∣ω3/2+µ∂tv′′∣∣∣∣1/40 ∣∣∣∣ω3/2+µ∂tv′′∣∣∣∣3/41 ||∂tv′||0
≤C||ω||1/8∞
∣∣∣∣ω1+µ∂tv′′∣∣∣∣1/40 ∣∣∣∣ω1/2+µ∂tv′′ + ω3/2∂tv′′′∣∣∣∣3/40 ||∂tv′||0
≤Eˆ 38
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
.
For I75, using (4.26) to estimate ||v′||L8 , we have
I75 =
∣∣∣∣(ω1/2+µω′ + ω3/2+µ + ω3/2+µη′′)(v′)4∣∣∣∣
0
≤C∣∣∣∣ω1/2+µ∣∣∣∣
∞
||v′||4L8 + C
∣∣∣∣∣∣ ∫ t
0
ω1+µv′′
∣∣∣∣∣∣
0
||v′||4∞||ω||3/2∞
≤Mˆ0 + CtP
(
sup
[0,t]
Eˆ
)
.
Similarly, using (4.26) and (4.27) again, one has
I76 =
∣∣∣∣(ω1/2+µω′ + ω3/2+µ + ω3/2+µη′′)∂tv′(v′)2∣∣∣∣0
≤C∣∣∣∣ω1/2+µ∂tv′∣∣∣∣L4 ||v′||2L8 + C∣∣∣∣∣∣
∫ t
0
ω3/2+µv′′
∣∣∣∣∣∣
L4
∣∣∣∣∂tv′∣∣∣∣L4 ||v′||2∞
≤Mˆ0 + CtP
(
sup
[0,t]
Eˆ
)
,
where we have used (2.13), the method similar to (4.12) to deal with
∣∣∣∣ω1/2+µ∂tv′∣∣∣∣1/2, and (4.24)
to estimate
∣∣∣∣ω1+µ∂tv′∣∣∣∣0, as well as∣∣∣∣ω1/2+µ∂tv′∣∣∣∣L4 ≤C∣∣∣∣ω1/2+µ∂tv′∣∣∣∣1/2 ≤ C∣∣∣∣ωµ∂tv′ + ω1+µ∂tv′′∣∣∣∣0 ≤ Mˆ0 + CtP( sup
[0,t]
Eˆ
)
and∣∣∣∣∣∣ ∫ t
0
ω3/2+µv′′
∣∣∣∣∣∣
L4
≤
∣∣∣∣∣∣ ∫ t
0
ω3/2+µv′′
∣∣∣∣∣∣
1
≤
∣∣∣∣∣∣ ∫ t
0
(
ω1/2+µω′v′′ + ω3/2+µv′′′
)∣∣∣∣∣∣
0
≤ CtP
(
sup
[0,t]
Eˆ
)
.
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For I77, using (4.24) to deal with
∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣0 and (4.26), we have
I77 =
∣∣∣∣(ω1/2+µω′ + ω3/2+µ + ω3/2+µη′′)∂2t v′v′∣∣∣∣0
≤C∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣0||v′||∞
(
1 +
∣∣∣∣∣∣ ∫ t
0
v′′
∣∣∣∣∣∣
0
)
≤Eˆ1/4
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
+ CtP
(
sup
[0,t]
Eˆ
)
.
For I78, using (4.27), we have
I78 =
∣∣∣∣(ω1/2+µω′ + ω3/2+µ + ω3/2+µη′′)(∂tv′)2∣∣∣∣0
≤C∣∣∣∣ω1/2+µ∂tv′∣∣∣∣∞||∂tv′||0 + C∣∣∣∣ω3/2+µ∂tv′∣∣∣∣∞||∂tv′||0
+ C
∣∣∣∣∣∣ ∫ t
0
ω3/2+µv′′
∣∣∣∣∣∣
∞
∣∣∣∣∂tv′∣∣∣∣2L4
≤C∣∣∣∣ω1/2+µ∂tv′∣∣∣∣3/4||∂tv′||0 + C∣∣∣∣ω3/2+µ∂tv′∣∣∣∣1||∂tv′||0
+ Ct
∣∣∣∣ω3/2+µv′′∣∣∣∣
1
∣∣∣∣∂tv′∣∣∣∣21/2
≤C
∣∣∣∣∣∣u′1 + ∫ t
0
∂2t v
′
∣∣∣∣∣∣1−α
0
∣∣∣∣∣∣ (ω1/2∂tv′)′ ∣∣∣∣∣∣α
Lr
||∂tv′||0
+ C
(∣∣∣∣ω1/2+µω′∂tv′∣∣∣∣0 + ∣∣∣∣ω1/2+µω∂tv′′∣∣∣∣0) ||∂tv′||0
+ Ct
(∣∣∣∣ω1/2+µω′v′′∣∣∣∣
0
+
∣∣∣∣ω3/2+µv′′′∣∣∣∣
0
) ∣∣∣∣∂tv′∣∣∣∣21/2
≤
(
Eˆ
α
2 + 1
)(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
+ CtP
(
sup
[0,t]
Eˆ
)
,
(4.28)
where α0 < α < 1 with
3
4
≤ α0 = 34(1+µ) = 32
(
1 − 1
γ
)
< 1 as 2 ≤ γ < 3 and 1
r
= 3
2
− 3
4α
, and we
have used the following estimate:∣∣∣∣∣
∣∣∣∣∣ (ω1/2+µ∂tv′)′
∣∣∣∣∣
∣∣∣∣∣
Lr
≤ C
∣∣∣∣∣
∣∣∣∣∣ ∂tv
′
ω1/2+µ
∣∣∣∣∣
∣∣∣∣∣
Lr
+ C
∣∣∣∣ω1/2+µ∂tv′′∣∣∣∣0
≤ C
∣∣∣∣∣∣ 1
ω1/2−µ
∣∣∣∣∣∣
Lβ
||∂tv′||Lβ′ + C
∣∣∣∣ω1/2+µ∂tv′′∣∣∣∣0
≤ C
∣∣∣∣∣∣ 1
ω1/2−µ
∣∣∣∣∣∣
Lβ
||∂tv′||1/2 + C||ω||−µ∞
∣∣∣∣ω1/2+µ∂tv′′∣∣∣∣0,
(4.29)
where, to ensure
∣∣∣∣∣∣ 1ω1/2−µ ∣∣∣∣∣∣Lβ be meaningful, we need β(12 −µ)) < 1, so we choose 1β ∈ (12 −µ, 1r),
and 1
r
= 1
β
+ 1
β′
, with β ′ > 1 and ||∂tv′||Lβ′ ≤ ||∂tv′||1/2 in (2.8). This analysis is different from the
isentropic case of γ = 2. Substituting (4.25)-(4.28) into (4.23), we have
I7 ≤
(
Eˆ
α
2 + 1
)(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
+ CtP
(
sup
[0,t]
Eˆ
)
. (4.30)
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Now for the last term on the right-hand side of (4.20), due to
1− 1
η′(γ+1)
= (γ + 1)
∫ t
0
v′
η′(γ+2)
, (4.31)
it can be estimated as
I8 =
∣∣∣∣∣
∣∣∣∣∣ω−(1/2+µ)
[(
1− 1
(η′)γ+1
)(
ω2+2µ∂3t v
′eS0
)′] ∣∣∣∣∣
∣∣∣∣∣
0
≤C
∣∣∣∣∣
∣∣∣∣∣(γ + 1)
∫ t
0
v′
(η′)γ+2
∣∣∣∣∣
∣∣∣∣∣
∞
(∣∣∣∣ω1/2+µ∂3t v′∣∣∣∣0||ω′||∞ + ∣∣∣∣∣∣ω1/2+µ∂3t v′′∣∣∣∣∣∣0||ω||1/2∞
+
∣∣∣∣∣∣ω1/2+µ∂3t v′∣∣∣∣∣∣
0
||ω||1/2∞
)
≤ CtP
(
sup
[0,t]
Eˆ
)
.
(4.32)
Substituting (4.21), (4.22), (4.30) and (4.32) into (4.20) leads to
sup
t∈[0,t]
∣∣∣∣∣∣ω−(1/2+µ)(ω2+2µ∂3t v′eS0)′∣∣∣∣∣∣2
0
≤C(Eˆα/2 + 1)2
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
+ CtP
(
sup
[0,t]
Eˆ
)
.
(4.33)
Expanding the left-hand side of (4.33) and using physical vacuum condition (1.7), we have
sup
t∈[0,t]
∣∣∣∣∣∣ω−(1/2+µ)(ω2+2µ∂3t v′eS0)′∣∣∣∣∣∣2
0
≥4(1 + µ)2∣∣∣∣ω1/2+µω′∂3t v′eS0∣∣∣∣20 + ∣∣∣∣ω3/2+µ∂3t v′′eS0∣∣∣∣20
+
∣∣∣∣ω3/2+µ∂3t v′eS0S ′0ω−µ∣∣∣∣20
+ 4(1 + µ)
∫
I
ω2+µ∂3t v
′∂3t v
′′ω′ exp 2S0
+ 4(1 + µ)
∫
I
ω2+2µ|∂3t v′|2ω′ exp 2S0S ′0
+ 2
∫
I
ω3+2µ∂3t v
′∂3t v
′′ exp 2S0
≥C∣∣∣∣ω1/2+µ∂3t v′∣∣∣∣20 + C∣∣∣∣ω3/2+µ∂3t v′′∣∣∣∣20
− C(1 + ||ω||∞)
(∣∣∣∣ω1+µ∂3t v′∣∣∣∣20 + ∣∣∣∣ω1+µ∂3t v′∣∣∣∣20)
≥C∣∣∣∣ω1/2+µ∂3t v′∣∣∣∣20 + C∣∣∣∣ω3/2+µ∂3t v′′∣∣∣∣20
− Mˆ0 − CtP
(
sup
[0,t]
Eˆ
)
,
and thus, by (4.33),
sup
[0,t]
(∣∣∣∣ω1/2+µ∂3t v′∣∣∣∣20 + ∣∣∣∣ω3/2+µ∂3t v′′∣∣∣∣20)
≤ C(Eˆα + 1)
(
Mˆ0 + CtP
(
sup
[0,t]
Eˆ
))
+ CtP
(
sup
[0,t]
Eˆ
)
.
(4.34)
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Choosing the multiplier ω−(1/2+µ) and letting the first term ω1+2µ∂kt v in g be ω
1+2µ∂tv
′, using
the same method as that of proving (4.17), we can prove (4.18).
Similarly, multiplying both sides of (4.16) by ω−µ and replacing the first term ω1+2µ∂kt v in g by
ω1+2µ∂2t v, ω
1+2µ∂2t v
′ and ω1+2µv′, respectively, one has
Proposition 4.4. For 2 ≤ γ < 3, there exists some α ∈ (0, 1), such that the following estimate
holds,
sup
[0,t]
(∣∣∣∣ω1+µ∂2t v′∣∣∣∣20 + ∣∣∣∣ω2+µ∂2t v′′∣∣∣∣20 + ∣∣∣∣ω2+µ∂2t v′′′∣∣∣∣20 + ∣∣∣∣ω1+µ∂2t v′′∣∣∣∣20 + ∣∣∣∣ω1+µv′′∣∣∣∣20
+
∣∣∣∣ω1+µv′′′∣∣∣∣2
0
+
∣∣∣∣ω2+µ∂4xv∣∣∣∣20)
≤ C(Eˆα + 1)
(
Mˆ0 + tP
(
sup
[0,t]
Eˆ
))
+ CtP
(
sup
[0,t]
Eˆ
)
.
5 Uniform estimates of vε for 1 < γ < 2
In this section, we shall establish the uniform estimates for the case 1 < γ < 2. As noted in [32], the
constant γ affects the degeneracy rate near the vacuum boundary, since ρ0 looks to be the coefficient
of ∂tv in (2.5)1 and the physical vacuum condition indicates that
ρ0(η) ∼ dist(η, ∂I)
1
γ−1 , η → ∂I.
Smaller values of γ cause more degeneracy of (2.5)1 near the vacuum boundary, then higher-order
derivatives in the energy function are needed to control the H2−norm and hence the C1−norm
of v. From the embedding inequality (2.13), the higher energy function E˜(t) defined in (2.15) for
1 < γ < 2 implies that
||v||22 ≤ ||v||2l+1
2
−( 12+µ)
≤ C
l+1
2∑
i=0
∣∣∣∣ω1/2+µ∂ixv∣∣∣∣20 ≤ CE˜, l = 3 + 2⌈12 + µ⌉.
This suggests that the higher-order energy function E˜ is appropriate for the physical vacuum prob-
lem (2.5) when γ ∈ (1, 2), and as γ → 1 (which means µ→∞) the estimate of ||v||22 needs infinite
higher-order derivatives.
5.1 Energy estimates
In order to obtain a series of estimates independent of ε, we first need some energy estimates as in
Propositions 4.1-4.2.
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Proposition 5.1. For γ ∈ (1, 2), we have the following ε−independent energy estimate for ∂l+1t −problem
of (3.2),
∣∣∣∣ω1/2+µ∂l+1t v∣∣∣∣20+∣∣∣∣ω1+µ∂ltv′∣∣∣∣20 + ∣∣∣∣ω1+µ∂ltv∣∣∣∣20 + ε
∫ t
0
∣∣∣∣ω1+µ∂l+1t v′∣∣∣∣20
≤E˜α
(
M˜0 + CtP
(
sup
[0,t]
E˜
))
,
with M˜0 = P (E˜(0)) and P (·) some polynomial function.
Proof. Similar to the derivation of (4.6), we first take (l + 1)−th time derivative of equation (3.2)1,
then multiply it by ∂l+1t v and integrate this resulting equation with respect to time and space to get
1
2
d
dt
∫
I
ω1+2µ|∂l+1t v|2 −
∫
I
∂l+1t
(
ω2+2µ
(η′)γ
)
∂l+1t v
′eS0 + ε
∫
I
|ω1+µ∂l+1t v′|2eS0 = 0. (5.1)
Using similar argument as in (4.7) to deal with the second item on the left-hand side of (5.1), we get
1
2
∫
I
ω1+2µ|∂l+1t v|2 +
γ
2
∫
I
ω2+2µ
(η′)γ+1
|∂ltv′|2eS0 + ε
∫ t
0
∫
I
|ω1+µ∂l+1t v′|2
=
1
2
∫
I
ω1+2µ|∂l+1t v0|2 +
γ
2
∫
I
ω2+2µ
(η′)γ+1
|∂ltv′0|2eS0
− γ
γ + 1
∫ t
0
∫
I
ω2+2µ
v′
(η′)γ+2
|∂ltv′|2eS0
−
l∑
i=1
ci
∫ t
0
∫
I
ω2+2µ∂it
1
(η′)γ+1
∂l−it v
′∂l+1t v
′eS0
=:
4∑
i=1
Ii.
(5.2)
It is obvious that I1, I2 can be controlled by M˜0. Now we estimate I3 and I4. Similar to (4.9), we
have
I3 =− γ
γ + 1
∫ t
0
∫
I
ω2+2µ
v′
(η′)γ+2
|∂ltv′|2eS0
≤C
∫ t
0
||v′||∞
∣∣∣∣ω1+µ∂ltv′∣∣∣∣20 ≤ C
∫ t
0
||v||2
∣∣∣∣ω1+µ∂ltv′∣∣∣∣20
≤CtP
(
sup
[0,t]
E˜
)
.
(5.3)
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Using integrating by parts in time, we have
I4 =−
l∑
α=1
ci
∫ t
0
∫
I
ω2+2µ∂it
1
(η′)γ+1
∂l−it v
′∂l+1t v
′eS0
=
l∑
i=1
ci
∫ t
0
∫
I
ω2+2µ
(
∂it
1
(η′)γ+1
∂l−it v
′
)
t
∂ltv
′eS0
−
l∑
i=1
ci
∫
I
ω2+2µ∂it
1
(η′)γ+1
∂l−it v
′∂ltv
′eS0
∣∣∣t
0
=:I41 + I42.
(5.4)
After detailed computations, using similar analysis as for (4.11)-(4.1) and the definition E˜ in (2.15),
I41 can be estimated as
I41 ≤C
l∑
i=1
∫ t
0
∫
I
ω1+µ
∣∣∣∣∣
(
∂it
1
(η′)γ+1
∂k−it v
′
)
t
∣∣∣∣∣∣∣ω1+µ∂ltv′∣∣
≤C
∫ t
0
(∣∣∣∣ω2+2µ∂ltv′v′∣∣∣∣0 + ∣∣∣∣ω2+2µ∂l−1t v′∂tv′∣∣∣∣0 + · · ·)∣∣∣∣ω2+2µ∂ltv′∣∣∣∣0
≤M˜0 + CtP
(
sup
[0,t]
E˜
)
.
(5.5)
To show clearly the idea of proving the estimate (5.5), we will take 1 < γ = 3
2
< 2 as an example
in the Subsection 5.2. Using the similar method to (4.13), for 0 < α < 1, we have
I42 ≤ E˜α
(
M˜0 + CtP
(
sup
[0,t]
E˜
))
, (5.6)
where M˜0 = P (E˜(0)). Substituting (5.3)-(5.6) into (5.2), and using the same derivation as (4.15),
we can prove Proposition 5.1.
5.2 The case of γ = 3
2
When γ = 3
2
, then µ = 1
2
, l = 5. The higher-order energy function E˜(t) in (2.15) is
E˜(t) =
∣∣∣∣ω1+µ∂5t v′(·, t)∣∣∣∣20 + ∣∣∣∣ω1+µ∂5t v(·, t)∣∣∣∣20
+
3∑
j=1
{∣∣∣∣ω3/2+µ∂6−2jt ∂j+1x v(·, t)∣∣∣∣20 +
j∑
i=1
∣∣∣∣ω1/2+µ∂6−2jt ∂ixv(·, t)∣∣∣∣20}
+
2∑
j=1
{∣∣∣∣ω2+µ∂5−2jt ∂j+2x v(·, t)∣∣∣∣20 +
j∑
i=−1
∣∣∣∣ω1+µ∂5−2jt ∂i+1x v(·, t)∣∣∣∣20}.
(5.7)
We note that (5.7) also implies the inequality (4.4) which will be usually used in the following
elliptic estimates. Now we prove the energy estimate:
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Proposition 5.2. For γ = 3/2, there exists a constant α ∈ (0, 1), such that one has the following
ε−independent energy estimate on the ∂6t−problem of (3.2),
∣∣∣∣ω1/2+µ∂6t v∣∣∣∣20 + ∣∣∣∣ω1+µ∂5t v′∣∣∣∣20 + ∣∣∣∣ω1+µ∂5t v∣∣∣∣20 + ε
∫ t
0
∣∣∣∣ω1+µ∂6t v′∣∣∣∣20
≤ E˜α
(
M˜0 + CtP
(
sup
[0,t]
E˜
))
,
(5.8)
with M˜0 = P (E˜(0)) and P (·) some polynomial function.
Proof. In the above energy estimate for Proposition 5.1, except for the term I41 in (5.5), the others
are the same as the proof of Proposition 5.1. Now we focus on the estimates of I41. After detailed
computations, I41 is equal to the sum of the following terms:
J :=
∫ t
0
14∑
i=1
Jidt, with Ji =
∫
I
R(η′)jiω
2+2µ∂5t v
′dx,
where the terms ji, i = 1, 2 · · · , 14 are the functions of v′, ∂kt v′, k = 1, 2, 3, 4 as in the following:
j1 =v
′, j2 = ∂
4
t v
′(v′)2, j3 = ∂
4
t v
′∂tv
′, j4 = ∂
3
t v
′(v′)3, j5 = ∂
3
t v
′∂tv
′v′,
j6 =∂
3
t v
′∂2t v
′, j7 = ∂
2
t v
′(v′)4, j8 = ∂
2
t v
′∂tv
′(v′)2, j9 = ∂tv
′(v′)5, j10 = (∂tv
′)3v′,
j11 =(∂tv
′)2(v′)3, j12 = (∂tv
′)2∂2t v
′, j13 = (v
′)7, j14 = (∂
2
t v
′)2v′.
For J1, we have
|J1| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣20||v′||∞ ≤ CP( sup
[0,t]
E˜
)
.
For J2, J3, J4, we have
|J2| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1/2+µ∂4t v′∣∣∣∣0||v′||2∞||ω||1/2∞ ≤ CP( sup
[0,t]
E˜
)
,
|J3| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1+µ∂4t v′∣∣∣∣0∣∣∣∣v′∣∣∣∣21/2||v′||1/21 ≤ CP( sup
[0,t]
E˜
)
,
|J4| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1+µ∂3t v′∣∣∣∣0||v′||3∞ ≤ CP( sup
[0,t]
E˜
)
.
For J5, we have
|J5| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1+µ∂3t v′∣∣∣∣L4∣∣∣∣∂tv′∣∣∣∣L4 ||v′||∞
≤ C∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1+µ∂3t v′∣∣∣∣1/2∣∣∣∣∂tv′∣∣∣∣1/2||v′||1
≤ M˜0 + CtP
(
sup
[0,t]
E˜
)
,
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where we have used the similar method to (4.12) to deal with ||ω1+µ∂3t v′||1/2. Similarly, we have
|J6| ≤C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1+µ∂3t v′∣∣∣∣∞||∂2t v′||0
≤∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1+µ∂3t v′∣∣∣∣1/21/2∣∣∣∣ω1+µ∂3t v′∣∣∣∣1/20 ||∂2t v′||0
≤M˜0 + CtP
(
sup
[0,t]
E˜
)
,
|J7| ≤C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1+µ∂2t v′∣∣∣∣0||v′||4∞ ≤ M˜0 + CtP( sup
[0,t]
E˜
)
,
|J8| ≤C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1+µ∂2t v′∣∣∣∣L4∣∣∣∣∂tv′∣∣∣∣L4 ||v′||2∞
≤C∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1/2+µω′∂2t v′ + ω3/2+µ∂2t v′′∣∣∣∣0∣∣∣∣∂tv′∣∣∣∣1/2||v′||21
≤M˜0 + CtP
(
sup
[0,t]
E˜
)
,
where we have used the fact
ω1+µ∂2t v
′ = ω1+µu′2 +
∫ t
0
ω1+µ∂3t v
′,
and the similar method to (4.12) to deal with ||ω1+µ∂2t v′||1/2.
Using (2.8), J9, J10, J11, J12, J13 can be estimated as
|J9| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣∂tv′∣∣∣∣L4 ||v′||L4||v′||4∞ ≤ M˜0 + CP( sup
[0,t]
E˜
)
,
|J10| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣∂tv′∣∣∣∣3L6 ||v′||4∞ ≤ M˜0 + CP( sup
[0,t]
E˜
)
,
|J11| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣∂tv′∣∣∣∣2L4 ||v′||3∞ ≤ M˜0 + CP( sup
[0,t]
E˜
)
,
|J12| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣∂tv′∣∣∣∣2L8 ||ω1+µ∂2t v′||L4 ≤ M˜0 + CP( sup
[0,t]
E˜
)
,
|J13| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0||v′||0||v′||6∞ ≤ CP( sup
[0,t]
E˜
)
.
For J14, we have
|J14| ≤ C
∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ω1+µ∂2t v′∣∣∣∣∞||v′||∞||∂2t v′||0
≤ C∣∣∣∣ω1+µ∂5t v′∣∣∣∣0∣∣∣∣ωµω′∂2t v′ + ω1+µ∂2t v′′∣∣∣∣0||v′||∞||∂2t v′||0
≤ CP
(
sup
[0,t]
E˜
)
.
Thus, using the same argument as Proposition 4.1, for 0 < α < 1, we obtain (5.8).
Similarly, we have
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Proposition 5.3. For γ = 3
2
, there exists a constant α ∈ (0, 1), such that one has the following
ε−independent energy estimates:
∣∣∣∣ω1/2+µ∂4t v∣∣∣∣20 + ∣∣∣∣ω1+µ∂3t v′∣∣∣∣20+∣∣∣∣ω1+µ∂3t v∣∣∣∣20 + ε
∫ t
0
∣∣∣∣ω1+µ∂4t v′∣∣∣∣20
≤E˜α
(
M˜0 + CtP
(
sup
[0,t]
E˜
))
,
(5.9)
∣∣∣∣ω1/2+µ∂2t v∣∣∣∣20 + ∣∣∣∣ω1+µ∂tv′∣∣∣∣20+∣∣∣∣ω1+µ∂tv∣∣∣∣20 + ε
∫ t
0
∣∣∣∣ω1+µ∂2t v′∣∣∣∣20
≤E˜α
(
M˜0 + CtP
(
sup
[0,t]
E˜
))
.
(5.10)
5.3 Estimates of higher-order spatial derivatives for γ = 3
2
Based on the energy estimate (5.8), by elliptic estimates we can derive the estimates of the higher-
order spatial derivatives associated with the weights.
Proposition 5.4. For γ = 3
2
, there exists a constant α ∈ (0, 1), such that one has the following
estimates:
sup
[0,t]
(∣∣∣∣ω1/2+µ∂4t v′∣∣∣∣20 + ∣∣∣∣ω3/2+µ∂4t v′′∣∣∣∣20) ≤ C(E˜α + 1)
(
M˜0 + CtP
(
sup
[0,t]
E˜
))
, (5.11)
sup
[0,t]
(∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣20 + ∣∣∣∣ω1/2+µ∂2t v′′∣∣∣∣20+∣∣∣∣ω1/2+µ∂2t v′′′∣∣∣∣20 + ∣∣∣∣ω1/2+µv′∣∣∣∣20 + ∣∣∣∣ω1/2+µv′′∣∣∣∣20
+
∣∣∣∣ω1/2+µv′′′∣∣∣∣2
0
+
∣∣∣∣ω3/2+µ∂4xv∣∣∣∣20) ≤C(E˜α + 1)
(
M˜0 + CtP
(
sup
[0,t]
E˜
))
.
(5.12)
Proof. Choosing k = 4 in (4.16), using the first term of (5.8), multiplying (4.16) by ω−1/2+µ, then,
using Lemma 2.1 and fundamental theorem of calculus, we obtain that, for any t ∈ [0, T ε],
sup
[0,t]
∣∣∣∣∣
∣∣∣∣∣ω−(1/2+µ)(ω2+2µ∂4t v′eS0)′
∣∣∣∣∣
∣∣∣∣∣
0
≤ C sup
[0,t]
∣∣∣∣ω1/2+µ∂6t v∣∣∣∣0
+ C sup
[0,t]
4∑
α=1
∣∣∣∣∣
∣∣∣∣∣ω−(1/2+µ)
(
ω2+2µ∂αt
1
(η′)γ+1
∂4−αt v
′eS0
)′ ∣∣∣∣∣
∣∣∣∣∣
0
+ C sup
[0,t]
∣∣∣∣∣
∣∣∣∣∣ω−(1/2+µ)
[(
1− 1
(η′)γ+1
)(
ω2+2µ∂4t v
′eS0
)′] ∣∣∣∣∣
∣∣∣∣∣
0
+ C sup
[0,t]
∣∣∣∣∣
∣∣∣∣∣ω
3/2+µ∂4t v
′eS0 η
′′
η′(γ+2)
∣∣∣∣∣
∣∣∣∣∣
0
=:
4∑
i=1
Ii.
(5.13)
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Now we estimate each term on the right-hand side of (5.13). First, we use the estimate (5.8) to
obtain, for each t ∈ [0, Tk],
I1 = sup
[0,t]
∣∣∣∣ω1/2+µ∂6t v∣∣∣∣0 ≤ E˜α/2(M˜0 + CtP( sup
[0,t]
E˜
))
. (5.14)
The remaining terms will be estimated by using the definition of the energy function E˜. For the
second term, from (4.31), after detailed computations, we have
I2 =
4∑
α=1
∣∣∣∣∣
∣∣∣∣∣ω−(1/2+µ)
(
ω2+2µ∂αt
1
(η′)γ+1
∂4−αt v
′eS0
)′ ∣∣∣∣∣
∣∣∣∣∣
0
=
4∑
α=1
∣∣∣∣∣
∣∣∣∣∣− 1γ + 1ω−(1/2+µ)
(
ω2+2µ∂4−αt v
′eS0
∫ t
0
∂αt
( v′
(η′)γ+2
))′ ∣∣∣∣∣
∣∣∣∣∣
0
≤
74∑
i=1
Ki,
(5.15)
where we have used the fact 1/2 ≤ η′ ≤ 3/2 and S ≤ S ′0 ≤ S.
For i = 1, 2, · · · , 17,Ki = C
∣∣∣∣(ω1/2+µ + ω3/2+µ)ki∣∣∣∣0 with
k1 =∂
3
t v
′
∫ t
0
(v′)2, k2 = ∂
3
t v
′
∫ t
0
∂tv
′, k3 = ∂
2
t v
′
∫ t
0
(v′)3, k4 = ∂
2
t v
′
∫ t
0
v′∂tv
′,
k5 =∂
2
t v
′
∫ t
0
∂2t v
′, k6 = ∂tv
′
∫ t
0
(v′)4, k7 = ∂tv
′
∫ t
0
(v′)2∂tv
′, k8 = ∂tv
′
∫ t
0
(∂tv
′)2,
k9 =∂tv
′
∫ t
0
v′∂2t v
′, k10 = ∂tv
′
∫ t
0
∂3t v
′, k11 = v
′
∫ t
0
(v′)5, k12 = v
′
∫ t
0
(v′)3∂tv
′,
k13 =v
′
∫ t
0
(v′)2∂2t v
′, k14 = v
′
∫ t
0
v′(∂tv
′)2, k15 = v
′
∫ t
0
∂tv
′∂2t v
′, k16 = v
′
∫ t
0
v′∂3t v
′,
k17 =v
′
∫ t
0
∂4t v
′.
(5.16)
For i = 18, 19, · · · , 58,Ki = C
∣∣∣∣ω3/2+µki∣∣∣∣0 with
k18 =∂
3
t v
′
∫ t
0
v′v′′, k19 = ∂
3
t v
′
∫ t
0
∂tv
′′, k20 = ∂
2
t v
′
∫ t
0
(v′)2v′′, k21 = ∂
2
t v
′
∫ t
0
v′′∂tv
′,
k22 =∂
2
t v
′
∫ t
0
v′∂tv
′′, k23 = ∂
2
t v
′
∫ t
0
∂2t v
′′, k24 = ∂tv
′
∫ t
0
(v′)3v′′, k25 = ∂tv
′
∫ t
0
v′∂tv
′,
k26 =∂tv
′
∫ t
0
(v′)2∂tv
′′, k27 = ∂tv
′
∫ t
0
∂tv
′∂tv
′′, k28 = ∂tv
′
∫ t
0
∂2t v
′v′′, k29 = ∂tv
′
∫ t
0
v′∂2t v
′′,
k30 =∂tv
′
∫ t
0
∂3t v
′′, k31 = v
′
∫ t
0
(v′)4v′′, k32 = v
′
∫ t
0
(v′)2v′′∂tv
′, k33 = v
′
∫ t
0
(v′)3∂tv
′′,
k34 =v
′
∫ t
0
v′′∂tv
′, k35 = v
′
∫ t
0
∂tv
′∂tv
′′, k36 = v
′
∫ t
0
∂2t v
′′, k37 = v
′
∫ t
0
v′v′′∂2t v
′,
k38 =v
′
∫ t
0
∂2t v
′∂tv
′′, k39 = v
′
∫ t
0
∂tv
′∂2t v
′′, k40 = v
′
∫ t
0
v′∂3t v
′′, k41 = v
′
∫ t
0
∂3t v
′v′′,
k42 =v
′
∫ t
0
∂4t v
′′, k43 = ∂
3
t v
′′
∫ t
0
(v′)2, k44 = ∂
3
t v
′′
∫ t
0
∂tv
′, k45 = ∂
2
t v
′′
∫ t
0
(v′)3,
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k46 =∂
2
t v
′′
∫ t
0
v′′∂tv
′, k47 = ∂
2
t v
′′
∫ t
0
∂2t v
′, k48 = ∂tv
′′
∫ t
0
(v′)4, k49 = ∂tv
′′
∫ t
0
(v′)2∂tv
′,
k50 =∂tv
′′
∫ t
0
(∂tv
′)2, k51 = ∂tv
′′
∫ t
0
v′∂2t v
′, k52 = ∂tv
′′
∫ t
0
∂3t v
′, k53 = v
′′
∫ t
0
(v′)2(∂tv
′)2,
k54 =v
′′
∫ t
0
(v′)2∂2t v
′, k55 = v
′′
∫ t
0
∂tv
′∂2t v
′, k56 = v
′′
∫ t
0
v′∂3t v
′, k57 = v
′′
∫ t
0
∂4t v
′.
For i = 58, 59, · · · , 74, Ki = C
∣∣∣∣ω3/2+µki∣∣∣∣0, where each ki has the form similar to the term ki−17
in (5.16) but every integrand function has an additional term η′′, for example,
k58 =∂
3
t v
′
∫ t
0
(v′)2η′′, k59 = ∂
3
t v
′
∫ t
0
∂tv
′′η′′, · · · , k74 = v′
∫ t
0
∂4t v
′η′′.
Before deriving the estimates ofKi, i = 1, 2, · · · , 74, similarly to (4.24), one has
3∑
j=1
{∣∣∣∣ω3/2+µ∂5−2jt ∂j+1x v∣∣∣∣20 +
j∑
i=1
∣∣∣∣ω1/2+µ∂5−2jt ∂ixv∣∣∣∣20 +
j∑
i=−1
∣∣∣∣ω1+µ∂4−2jt ∂i+1x v∣∣∣∣20}
≤M˜0 + CtP
(
sup
[0,t]
E˜
)
.
(5.17)
ForK1, K2, K4, K5, using the estimates (5.17), we have
K1 =C
∣∣∣∣∣∣(ω1/2+µ + ω3/2+µ)∂3t v′ ∫ t
0
(v′)2
∣∣∣∣∣∣
0
≤ C
∣∣∣∣∣∣ω1/2+µ∂3t v′∣∣∣∣∣∣
0
∫ t
0
||v′||2∞
≤M˜0 + CtP
(
sup
[0,t]
E˜
)
,
K2 =C
∣∣∣∣∣∣(ω1/2+µ + ω3/2+µ)∂3t v′ ∫ t
0
∂tv
′
∣∣∣∣∣∣
0
≤ C
∣∣∣∣∣∣ω1/2+µ∂3t v′∣∣∣∣∣∣
0
(||v′||∞ + ||u′0||∞)
≤CE˜1/2(M˜0 + E˜1/2),
K4 =C
∣∣∣∣∣∣(ω1/2+µ + ω3/2+µ)∂2t v′ ∫ t
0
v′∂tv
′
∣∣∣∣∣∣
0
≤ C
∣∣∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣∣∣
L4
||∂tv′||L4
∫ t
0
||v′||∞
≤M˜0 + CtP
(
sup
[0,t]
E˜
)
,
K5 =C
∣∣∣∣∣∣(ω1/2+µ + ω3/2+µ)∂2t v′ ∫ t
0
∂2t v
′
∣∣∣∣∣∣
0
≤ C
∣∣∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣∣∣
∞
∫ t
0
||∂2t v′||0
≤CtP
(
sup
[0,t]
E˜
)
,
(5.18)
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ForK7, K8, K9, we have
K7 =C
∣∣∣∣∣∣(ω1/2+µ + ω3/2+µ)∂tv′ ∫ t
0
(v′)2∂tv
′
∣∣∣∣∣∣
0
≤ C
∫ t
0
∣∣∣∣∣∣ω1/2+µ∂tv′∣∣∣∣∣∣
L8
||∂tv′||L8||v′||2L4
≤CtP
(
sup
[0,t]
E˜
)
,
K8 =C
∣∣∣∣∣∣(ω1/2+µ + ω3/2+µ)∂tv′ ∫ t
0
(∂tv
′)2
∣∣∣∣∣∣
0
≤ C
∫ t
0
∣∣∣∣∣∣ω1/2+µ∂tv′∣∣∣∣∣∣
L4
||∂tv′||2L8
≤CtP
(
sup
[0,t]
E˜
)
,
K9 =
∣∣∣∣∣∣(ω1/2+µ + ω3/2+µ)∂tv′ ∫ t
0
∂2t v
′v′
∣∣∣∣∣∣
0
≤ C
∫ t
0
∣∣∣∣ω1/2+µ∂tv′∣∣∣∣∞||∂2t v′||0||v′||∞
≤CtP
(
sup
[0,t]
E˜
)
.
ForK10, using the same method as dealing with I78 in (4.27) and (4.29), we have
K10 =
∣∣∣∣∣∣(ω1/2+µ + ω3/2+µ)∂tv′ ∫ t
0
∂3t v
′
∣∣∣∣∣∣
0
≤ C
∣∣∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣∣∣
∞
||∂tv′||0
≤C∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣3/4||∂tv′||0 ≤ C∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣1−α0 ∣∣∣∣(ω1/2+µ∂2t v′)′∣∣∣∣αLr ||∂tv′||0
≤C∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣1−α0 (∣∣∣∣ωµ−1/2∂2t v′∣∣∣∣αLr + ∣∣∣∣ω1/2+µ∂2t v′′∣∣∣∣αLr)||∂tv′||0
≤C∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣1−α0 (||ωµ||∞∣∣∣∣∣∣∂2t v′√ω
∣∣∣∣∣∣α
Lr
+
∣∣∣∣ω1/2+µ∂2t v′′∣∣∣∣αLr)||∂tv′||0
≤C∣∣∣∣ω1/2+µ∂2t v′∣∣∣∣1−α0 (∣∣∣∣∣∣ 1√ω
∣∣∣∣∣∣α
Lβ
||∂2t v′||α0 +
∣∣∣∣ω1/2+µ∂2t v′′∣∣∣∣αLr)||∂tv′||0
≤CE˜α/2.
To ensure 1
2
β < 1, here we choose 1
β
∈ (1
2
, 1
r
)
, and α0 < α < 1 with 0 ≤ α0 = 34(1+µ) < 34 as
1 < γ < 2 and 1
r
= 3
2
− 3
4α
. Similarly,
K19 =
∣∣∣∣∣∣ω3/2+µ∂3t v′ ∫ t
0
∂tv
′′
∣∣∣∣∣∣
0
≤ C(∣∣∣∣∣∣ω1/2+µv′′∣∣∣∣∣∣
∞
+
∣∣∣∣∣∣ω1/2+µu′′0∣∣∣∣∣∣
∞
)||ω1/2+µ∂3t v′||0
≤CE˜α/2,
K52 =
∣∣∣∣∣∣ω3/2+µ∂tv′′ ∫ t
0
∂3t v
′
∣∣∣∣∣∣
0
≤ C
∣∣∣∣∣∣ω1/2+µ ∫ t
0
∂3t v
′
∣∣∣∣∣∣
∞
||ω1/2+µ∂tv′′||0 ≤ CE˜α/2.
ForK18, we have
K18 =
∣∣∣∣∣∣ω3/2+µ∂3t v′ ∫ t
0
v′v′′
∣∣∣∣∣∣
0
≤ C
∫ t
0
∣∣∣∣ω3/2+µ∂3t v′′∣∣∣∣∞||v′′||0||v′||∞ ≤ M˜0 + CtP( sup
[0,t]
E˜
)
.
ForK27, we have
K27 =
∣∣∣∣∣∣ω3/2+µ∂tv′ ∫ t
0
∂tv
′∂tv
′′
∣∣∣∣∣∣
0
≤ C
∫ t
0
∣∣∣∣ω3/2+µ∂tv′′∣∣∣∣∞||∂tv′||2L4 ≤ M˜0 + CtP( sup
[0,t]
E˜
)
.
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By detailed analysis, we find that the estimates ofKi, i = 3, 6, 11, 12, 13, 16, 17, 31, 33, 36, 40, 42, 43,
44, 45, 48, 51, 57 are the same as K1; the estimates ofKi, i = 14, 15, 29, 50 are the same as K4; the
estimates of Ki, i = 23, 39 are the same as K5; the estimates of Ki, i = 53, 54, 55, 56 are the same
as K9; the estimates of Ki, i = 20, 21, 22, 24, 28, 32, 34, 37, 38, 41, 46, 47, 49 are the same as K18,
thus we omit them. Due to η′′ =
∫ t
0
v′′, similarly to K18, we also have
K58 =C
∣∣∣∣∣∣ω3/2+µ∂3t v′ ∫ t
0
(v′)2η′′
∣∣∣∣∣∣
0
≤
∫ t
0
||v′||2∞
∣∣∣∣ω3/2+µ∂3t v′∣∣∣∣∞∣∣∣∣∣∣
∫ t
0
v′′
∣∣∣∣∣∣
0
≤M˜0 + CtP
(
sup
[0,t]
E˜
)
,
(5.19)
and the estimates of Ki, i = 59, · · · , 74, can also be obtained in the same way. Substituting all the
estimates ofKi into (5.15), one has
I2 ≤E˜α/2
(
M˜0 + CtP
(
sup
[0,t]
E˜
))
+ CtP
(
sup
[0,t]
E˜
)
. (5.20)
From (4.31), the third term I3 on the right-hand side of (5.13) can be controlled by
I3 =
∣∣∣∣∣
∣∣∣∣∣ω
[(
1− 1
(η′)γ+1
)(
ω2+2µ∂4t v
′eS0
)′] ∣∣∣∣∣
∣∣∣∣∣
0
≤ CtP
(
sup
[0,t]
E˜
)
.
The last term of (5.13) can be estimated as
I4 ≤ C
∣∣∣∣ω2+µ∂4t v′∣∣∣∣∞∣∣∣∣∣∣
∫ t
0
v′′
∣∣∣∣∣∣
0
≤ CtP
(
sup
[0,t]
E˜
)
. (5.21)
Substituting (5.14), (5.20) and (5.21) into (5.13), we have
∣∣∣∣∣∣ω−(1/2+µ)(ω2+2µ∂4t v′eS0 )′∣∣∣∣∣∣2
0
≤ C(E˜α + 1)
(
M˜0 + tP
(
sup
[0,t]
E˜
))
+ CtP
(
sup
[0,t]
E˜
)
.
Similarly to (4.33)-(4.34), we have
sup
[0,t]
(∣∣∣∣ω1/2+µ∂4t v′∣∣∣∣20 + ∣∣∣∣ω3/2+µ∂4t v′′∣∣∣∣20)
≤C(1 + E˜α)
(
M˜0 + tP
(
sup
[0,t]
E˜
))
+ CtP
(
sup
[0,t]
E˜
)
.
Choosing the multipliers ω−(1/2+µ), and replacing the first term ω1/2+µ∂6t v on the right hand-side of
(5.13) by ω1/2+µ∂4t v, ω
1/2+µ∂4t v
′, ω1/2+µ∂2t v, ω
1/2+µ∂2t v
′, ω1/2+µ∂2t v
′′, respectively, we can obtain
the estimates (5.12).
Furthermore, Choosing the multiplier ω−µ, and replacing ω1/2+µ∂k+2t v in (5.13) by ω
1+µ∂5t v,
ω1+µ∂5t v
′, ω1+µ∂3t v
′, ω1+µ∂3t v
′′, respectively, we have the following proposition:
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Proposition 5.5. For γ = 3
2
, there exists a constant α ∈ (0, 1), such that one has the following
estimate:
sup
[0,t]
(∣∣∣∣ω1+µ∂3t v′∣∣∣∣20 + ∣∣∣∣ω1+µ∂3t v′′∣∣∣∣20+∣∣∣∣ω2+µ∂3t v′′′∣∣∣∣20 + ∣∣∣∣ω1+µ∂tv′′∣∣∣∣20 + ∣∣∣∣ω1+µ∂tv′′′∣∣∣∣20
+
∣∣∣∣ω2+µ∂t∂4xv∣∣∣∣20) ≤C(E˜α + 1)
(
M˜0 + CtP
(
sup
[0,t]
E˜
))
.
6 The proof of Theorem 2.1
We are now ready to finish the proof of Theorem 2.1 as follows. From (2.18), the Propositions
4.1-4.4 for 2 ≤ γ < 3 and Propositions 5.2-5.4 for γ = 3
2
, one has
sup
[0,T ]
E(t) ≤M0 + CtP
(
sup
[0,t]
E
)
+ C sup
[0,t]
Eα
(
M0 + tP
(
sup
[0,t]
E
))
,
where M0 = P (E(0)), P (·) is some polynomial function, and 0 < α < 1. By Young’s inequality
and adjusting the constants, one gets
sup
[0,t]
E(t) ≤M0 + CtP
(
sup
[0,t]
E
)
,
which yields as in [5] a time of existence T1 independent of ε, as well as an energy estimate on the
time interval (0, T1) independent of ε of the form:
sup
[0,t]
E(t) ≤ 2M0. (6.1)
By the ǫ−independent estimate (6.1), there exists a subsequence of vǫ converging to v inL2(0, T ;H2(I))
with η = x+
∫ t
0
v(x, s)ds. The standard compactness arguments shows that v is a solution to (2.5).
Thus, we can prove Theorem 2.1 for 2 ≤ γ < 3 and γ = 3
2
. Moreover, in the above process, we find
that the method can be extended to all the cases of 1 < γ < 2, thus Theorem 2.1 can be proved for
all the general case 1 < γ < 3.
Now, we are ready to prove the uniqueness of solutions. For two solutions v1(x, t), v2(x, t) sat-
isfying Theorem 2.1 to the free-boundary problem of the compressible Euler equations (1.1), we
want to prove v1(x, t) = v2(x, t). In fact, from (2.20), there exits three positive constants c1, c2, c3
such that
c1 ≤ ∂xηi(x, t) ≤ c2, and |∂xvi(x, t)| ≤ c3, (x, t) ∈ [0, 1]× [0, T ], i = 1, 2. (6.2)
We define δv = v1 − v2, then δv satisfy the following equation:
ω1+2µ∂tδv +
[
ω2+2µeS0
( 1
(η′1)
γ
− 1
(η′2)
γ
)]′
= 0. (6.3)
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By considering the fifth differential version of (6.3), from the Proposition 5.1, we have the fol-
lowing equation for δv:
1
2
∫
I
ω1+2µ
∣∣∂5t δv∣∣2 + γ2
∫
I
∣∣∂4t δv′∣∣2 ω2+2µ(η′1)γ+1 eS0 + ǫ
∫
I
ω2+2µ|∂5t δv′|2eS0
=− (γ + 1)γ
2
∫ t
0
∫
I
ω2+2µeS0
( 1
(η′1)
γ+2
v′1
∣∣∂4t v′1∣∣2 − 1(η′2)γ+2v′2
∣∣∂4t v′2∣∣2)
−
4∑
α=1
cα
∫ t
0
∫
I
ω2+2µeS0
(
∂αt
1
(η′1)
γ+1
∂4−αt v
′
1∂
5
t v
′
1 − ∂αt
1
(η′2)
γ+1
∂4−αt v
′
2∂
5
t v
′
2
)
− γ
∫
I
ω2+2µeS0
(∂4t v′1∂4t v′2
(η′1)
γ+1
+
1
2
( 1
(η′1)
γ+1
+
1
(η′2)
γ+1
)|∂4t v′2|2)
+ 2ǫ
∫
I
ω2+2µ∂5t v
′
1∂
5
t v
′
2e
S0 .
(6.4)
Using the energy estimate and weighted embedding inequality (2.13), we obtain the analogous ver-
sion of Proposition 5.1 and Proposition 4.2 for δv, and ∂4t δv ∈ L∞(0, T ;L2(I)). Next, we consider
the elliptic estimates for higher-order spatial derivatives, δv satisfies the following equation(
ω2+2µ∂kt δv
′eS0
)′ − ε
γ
∂t
(
ω2+2µ∂kt δv
′eS0
)′
= δg,
where
δg =− 1
γ
ω1+2µ∂k+2t δv +
k∑
α=1
(
cαω
2+2µeS0
(
∂αt
1
(η′1)
γ+1
∂k−αt v
′
1 − ∂αt
1
(η′2)
γ+1
∂k−αt v
′
2
))′
+
[(
1− 1
(η′1)
γ+1
)(
∂kt v
′
1e
S0
)′ − (1− 1
(η′2)
γ+1
)(
ω2+2µ∂kt v
′
2e
S0
)′]
− (γ + 1)ω2+2µeS0
( ∂kt v′1η′′1
(η′1)
γ+2
− ∂
k
t v
′
2η
′′
2
(η′2)
γ+2
)
.
From η′′i =
∫ t
0
v′′i dt, using (6.2) to control η
′
i, by the weighted embedding inequality (2.13) and
repeating elliptic estimates, we have
sup
t∈[0,T ]
4∑
s=0
||∂st δv||22−s/2 ≤ CTP
(
sup
t∈[0,T ]
4∑
s=0
||∂st δv||22−s/2
)
,
which shows that δv = 0.
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